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We present a protocol to implement a spin-1 chain in Rydberg systems using three Rydberg states close
to a Förster resonance. In addition to dipole-dipole interactions, strong van der Waals interactions natu-
rally appear due to the presence of the Förster resonance and give rise to a highly tunable Hamiltonian.
The resulting phase diagram is studied using the infinite density-matrix renormalization group and reveals
a highly robust Haldane phase—a prime example of a symmetry-protected topological phase. We find
experimentally accessible parameters to probe the Haldane phase in current Rydberg systems, and demon-
strate an efficient adiabatic preparation scheme. This paves the way to probe the remarkable properties of
spin fractionalization in the Haldane phase.
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I. INTRODUCTION

Topological phases in quantum many-body systems
exhibit intriguing properties like anyonic excitations, topo-
logical order, string order, edge states, and fractionalization
[1]. Many of these topological phases that are currently
studied theoretically as well as experimentally, like the
fractional quantum Hall state [2] and spin liquids [3,4],
occur in two- or higher-dimensional systems. For one-
dimensional systems, it was shown that such topologi-
cally ordered phases do not exist [5]. However, so-called
symmetry-protected topological (SPT) phases can appear
in one dimension and still feature many similar properties.
Thus, such one-dimensional SPT phases can often be used
to gain a better understanding of these topological proper-
ties. A prime example for this is the spin-1 Haldane phase
[6,7] and its characteristic Affleck-Kennedy-Lieb-Tasaki
(AKLT) state [8], which introduced the concept of valence
bond solids and hidden order. Its most intriguing property,
however, is the appearance of fractionalized spins at the
edges. In this paper, we propose a scheme to realize such
a spin-1 Haldane phase using Rydberg atoms and provide
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insights into how to detect the fractional spin states in an
experiment.

In the past, there has been a large experimental effort to
study the Haldane phase in quasi-one-dimensional chains
of transition metal ions [9], and, recently, signatures of
fractional edge states have been reported in nanographene
[10]. Additionally, most recently the AKLT state was con-
structed on a trapped-ion quantum processor [11]. On the
other hand, there is a large effort in studying strongly
correlated states of matter using quantum simulators [12–
14] and theoretical proposals for the Haldane phase have
been made for cold atomic gases in optical lattices [15,
16], ion traps [17,18], and superconductor-semiconductor
hybrids [19]. Rydberg atoms have especially emerged as
a highly promising platform for exploring strongly cor-
related quantum many-body systems [20] due to their
tunable interactions, including dipole-dipole and van der
Waals interactions [4,21–26]. Additionally, the use of opti-
cal tweezers allows for precise control over individual
atoms [27–30]. Various quantum many-body phases have
already been realized in such Rydberg systems in recent
years, ranging from the one-dimensional Su-Schrieffer-
Heeger (SSH) model [22] to two-dimensional quantum
Ising models [31], and even signatures of spin liquids
have been observed in Rydberg systems [4]. While most
implemented models reduce each Rydberg atom to an
effective two-level system, there are also theoretical pro-
posals that utilize three levels in a V-shaped configuration
to implement two hard-core bosonic particles [32]. In the
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presence of Förster resonances [33,34], equidistant three-
level systems are realized, leading to additional dipole-
dipole interactions and van der Waals terms [35–37].

Here, we present a detailed study on how these three
Rydberg states, when close to a Förster resonance, can be
used to implement an effective spin-1 system. The typi-
cal dipole-dipole and van der Waals interactions of these
Rydberg states can then be mapped to spin-1 operators,
resulting in an effective spin-1 Hamiltonian. By tuning
the various parameters of the Rydberg system we can
access different regimes in the phase diagram of the spin-
1 model. We study the different phases using the infinite
density-matrix renormalization group (infinite DMRG)
and demonstrate the appearance of the Haldane phase for
experimentally realistic parameters. Furthermore, we show
that the ground state of the Haldane phase can be adi-
abatically prepared by starting from a product state and
applying a staggered, effective magnetic field. Signatures
of the Haldane phase, such as the string order parameter
and edge states, can be experimentally observed through
site-resolved measurements of the local spins. While some
experimental signatures of the Haldane phase have already
been observed in the topological equivalent SSH chain
using qubit systems [22,38], the Förster resonance enables
us to implement a spin-1 chain and thus allows us to addi-
tionally study the fractionalization of the edge spin degrees
of freedoms in the Haldane phase.

II. SYSTEM AND MODEL

Our system, which is sketched in Fig. 1, consists of
a one-dimensional chain of Rydberg atoms. From the
Rydberg manifold of each atom, we choose three states,
|+〉 , |0〉 , |−〉, as our states of interest. These states are
given by

FIG. 1. Sketch of the one-dimensional chain of Rydberg atoms
aligned at an angle θ with respect to the magnetic field �B. In
addition, a simplified level structure of the Rydberg atoms is
shown. This includes the three main states |+〉 , |0〉 , |−〉, which
are defined in Eqs. (1). Furthermore, an additional nearby state
|v〉 is shown, which explains the dominant part of the van der
Waals interactions.

FIG. 2. All energies and interactions in this figure are calcu-
lated for Rubidium via the pairinteraction software [39]. (a) The
anisotropy energy D = (E+ + E−)/2− E0 (without any fields
applied) for the states defined in Eqs. (1). (b) The energy spec-
trum of the Rydberg Zeeman sublevels of interest in a rotating
frame with respect to energy E0 of state |0〉 at B = 0. The 80S1/2
and 81S1/2 manifolds are shifted by ±ω and thus lie on top of
each other. (c),(d) The interaction strengths J±0, J 00 and V over
(c) the angle θ between the magnetic field and the interatomic
axis and (d) the interatomic distance r. For (c) and (d), we applied
a magnetic field of B = 60.7 G and the distance (angle) was fixed
at r = 11.6 µm (θ = 35.1◦). The blue shaded area around the
J±0 line indicates the difference in the J+0 and J−0 interaction
strengths and the green shaded area around the V line indicates
the difference in the Vdiag and Voffd interaction strengths. The gray
vertical lines in the individual plots indicate the values used in
Sec. IV.

|+〉= |(n+ 1)S1/2, mj = +1/2〉 , (1a)

|0〉 = |nP3/2, mj = +3/2〉 , (1b)

|−〉 = |nS1/2, mj = +1/2〉 , (1c)

which are quantized along the magnetic field �B = B �ez.
By tuning the magnetic field B, we make sure that in
the rotating-wave frame these states are energetically well
separated from the other Rydberg states [see Fig. 2(b)].

Note that we label our Rydberg states like spin-1 states,
since the three Rydberg states can be used to effectively
describe a spin-1 system. In the remainder of this section
we show that the many-body Hamiltonian of this Rydberg
system for a proper choice of the experimental parameters
can effectively describe the spin-1 Hamiltonian

H = 1
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where the Sx,y,z,± are spin-1 operators and are explicitly
defined in Appendix A, J xy is the dipole-dipole interac-
tion strength, D is the anisotropy energy, and V is the van
der Waals interaction strength. Note that, throughout this
paper, we express all energies as frequencies in units of
h MHz, where h is the Planck constant.

While the Haldane phase was originally introduced for
the SO(3) symmetric Heisenberg model [6,7], it was later
shown that even the dihedral symmetry D2 (= Z2 × Z2)
or time-reversal symmetry can protect the Haldane phase
[5,40]. The D2 symmetry is a subgroup of the SO(3) sym-
metry and consists of all π rotations around the x, y, and z
axes. Hamiltonian (2) respects this dihedral symmetry D2
as well as time-reversal symmetry.

A famous example of the Haldane phase is the AKLT
model [8], whose ground state can be described by con-
sidering each spin-1 particle as two symmetrized spin-1/2
particles. Then two adjacent spin-1/2 particles (from dif-
ferent spin-1 particles) form a singlet state (valence bond).
By this construction, the AKLT state on an open chain has
two uncoupled spin-1/2 degrees of freedom at the edges.
These fractionalized edge states are not a specific feature
of the AKLT model, but a general property of the Haldane
phase as long as the D2 or time-reversal symmetry is pre-
served [40]. The emergence of these fractionalized edge
states can also be related to the fractionalization of the pro-
tecting symmetries [41]. Since the bulk must be invariant
under the protecting symmetry, e.g., the SO(3) symmetry,
the symmetry splits into a tensor product acting only on
the left and right edges. The resulting projective symmetry
is the SU(2) group, which acts on the spin-1/2 degrees of
freedom on the left and right edges.

It was shown that the spin-1 XXZ-D model [this corre-
sponds to the first line of Eq. (2) and an additional coupling
J zSz

i Sz
j ] for only nearest-neighbor interactions does feature

the Haldane phase, but only for J z > 0 [42]. By adding
long-range interactions one can stabilize the Haldane phase
for the antiferromagnetic spin-1 XXZ model [43] also for
J z = 0. However, the signatures in the region J z = 0 are
rather weak, and it is not clear whether the Haldane phase
could be measured in a finite size experiment. Here, we
demonstrate that natural strong van der Waals terms appear
due to the Förster resonance. These additional terms can
further stabilize the Haldane phase and make it more acces-
sible in a real experiment. We emphasize that the van der
Waals term consists of multiple parts: one term that is
proportional to Sz

i Sz
j , and thus drives the model closer to

the Heisenberg point, possibly resulting in a more stable
Haldane phase; and a second term that is proportional to
(S+i )

2(S−j )
2 + (S−i )2(S+j )2. This second term is also part

of the AKLT Hamiltonian [8], and can thus stabilize the
Haldane phase.

In the remainder of this section we motivate and explain
the three terms D, J xy , and V in more detail on the level of
the Rydberg states. A mapping of the Rydberg interactions

of the three states |+〉 , |0〉 , |−〉 to spin-1 operators used in
Eq. (2) can be found in Appendix A.

A. Anisotropy energy

Ignoring a global energy shift E0, we have two ener-
gies in this system: ω = (E+ − E−)/2 and D = (E+ +
E−)/2− E0 (see Fig. 1). For the states we are interested in,
the energy difference ω is much larger than the anisotropy
energy D. This allows us to treat the system as a spin-1
system, where the z component of the total magnetization
Mtot =

〈∑
i Sz

i

〉
is conserved.

To achieve this desired energy structure, we use the
Rydberg states proposed in Eqs. (1). In Fig. 2(a), one can
see that, for different values of n, we are indeed close to
so-called Förster resonances, where the anisotropy energy
D is small compared to the energy difference ω, which,
for n = 80, is ω/h ≈ 7 GHz. Often, the Förster resonance
at n = 37 is used, because here the anisotropy energy is
very small and negative, which allows one to tune the
anisotropy energy D to zero by applying an electric field.
In the following we focus on the case n = 80, where, for
the Zeeman sublevels specified in Eqs. (1), one can tune
D closer to zero by applying a magnetic field. However,
the results are qualitatively the same for other choices of
n. By applying a magnetic field B we induce a Zeeman
shift on all states, which splits the different magnetic sub-
levels and thus tunes the anisotropy energy D. This can be
seen in Fig. 2(b), where we plotted the 80S1/2 and 81S1/2
manifolds in a rotating frame (shifted by the energy ±ω)
together with the 80P3/2 and 80P1/2 manifolds. For mag-
netic fields B ≈ 60 G, the three states |+〉, |0〉, and |−〉
are nearby degenerate and well separated from the other
Zeeman sublevels, which are plotted as gray dashed lines.

The choice of the quantum numbers l, j , and mj above
is partly motivated by the Förster resonance and partly
motivated by constructing exactly the following Rydberg
interactions that map to typical spin-1 interactions.

B. Dipole-dipole interactions

The allowed dipole-dipole interactions in our Rydberg
system are

(i) |+0〉
d+i d−j−−−→ |0+〉 with strength

J+0 = 3 cos2 θ − 1
2r3

∣∣〈0| d+ |+〉∣∣2 ,

(ii) |−0〉
d+i d−j−−−→ |0−〉 with strength

J−0 = 3 cos2 θ − 1
2r3

∣∣〈0| d+ |−〉∣∣2 ,

020332-3



J. MÖGERLE et al. PRX QUANTUM 6, 020332 (2025)

(iii) |+−〉
d+i d+j−−−→ |00〉 and |−+〉

d+i d+j−−−→ |00〉with strength

J 00 = −3 sin2 θ

2r3 〈0| d+ |−〉 〈0| d+ |+〉

as well as all Hermitian conjugates. Here, the d± are the
dipole operators of the Rydberg states, acting on the total
angular momentum j and mj .

For large principal quantum numbers n, the dipole
moment of the |nS1/2〉 and |(n+ 1)S1/2〉 differ only
by a small amount (more specifically, 〈0| d+ |+〉 ≈
− 〈0| d+ |−〉), which results in J+0 ≈ J−0. Thus, we can
define J±0 = (J+0 + J−0)/2 and ignore for now the effect
of a nonvanishing δ±0 = (J+0 − J−0)/2.

Furthermore, we find that the ratio J 00/J±0 can be eas-
ily tuned by changing the angle θ of the applied magnetic
field, as shown in Fig. 2(c). While this in principle gives
rise to an additional degree of freedom in our model,
in this work we focus only on the case J 00 = J±0. The
angle for this can be estimated by setting 3 cos2 θ − 1 =
3 sin2 θ . Taking the full effective Rydberg pair Hamilto-
nian into account (see Appendix C), we find J 00 = J±0 to
be fulfilled for θ ≈ 35.1◦.

As detailed in Appendix A, the combined action of the
three terms J+0 = J−0 = J 00 can be mapped to the spin-1
XY interaction J xy in Eq. (2).

C. Van der Waals interactions

In real Rydberg systems we have more than three states,
which also give rise to van der Waals interactions due
to the coupling to additional Rydberg states. Often the
van der Waals contributions are small compared to the
dipole-dipole interactions, because the additional coupled
states are energetically far detuned from the states of inter-
est. However, because the three states defined in Eqs. (1)
are close to a Förster resonance, an additional close-by
state |v〉 = |nP3/2, mj = +1/2〉 couples to our three states
of interest and thus gives rise to a significant van der
Waals term. While this is not the only van der Waals term
and more states are considered in the calculation, the van
der Waals term due to state |v〉 is the dominant one and
captures the physics of the additional term V in Eq. (2).

As shown in Fig. 2(b), state |v〉 is detuned from the |0〉
and |±〉 states by an energy of �/h ≈ 100 MHz (at B =
60.7 G). Since the relevant couplings are of the order of
10 MHz, this allows us to treat the effect of the |v〉 state
perturbatively.

In second-order perturbation theory, this state allows
van der Waals processes like

Vdiag : |+−〉
d0

i d+j−−→ |v0〉
d0

i d−j−−→ |+−〉 ,

Voffd : |+−〉
d0

i d+j−−→ |v0〉
d0

i d−j−−→ |−+〉 ,
(3)

where the first process gives rise to a diagonal energy term
Vdiag and the second process to an off-diagonal interaction
term Voffd. Analogously, we find processes for the |−+〉
state. Combining all terms, we find the coupling strength

V = 9 sin2 θ cos2 θ

r6�

∣∣〈v| d0 |+〉∣∣2 ∣∣〈0| d+ |−〉∣∣2 , (4)

which is the same for the diagonal and off-diagonal terms
Vdiag = Voffd ≡ V.

Importantly, the van der Waals strength can be tuned
with respect to the dipole-dipole interactions by chang-
ing the distance r using the 1/r6 dependence of the van
der Waals term compared to the 1/r3 dependence of the
dipole-dipole term. This can be seen in Fig. 2(d), where
we plotted the interaction strengths J±0, J 00 and V as a
function of distance r between the Rydberg atoms. Addi-
tionally, in Fig. 2(c), the angle dependence of the van der
Waals term is plotted. (Note that the van der Waals strength
can in principle also be tuned by changing the detuning �
of state |v〉. This can be done by applying some electric
field �E and changing the magnetic field B accordingly, to
keep the anisotropy energy D fixed.)

We have calculated the interaction strengths of two Ryd-
berg atoms by simulating the Hamiltonian (including up
to about 5000 energetically nearby Rydberg pair states)
with the pairinteraction software [39] (see Appendix C
for more details). This gives rise to additional van der
Waals interactions, which also lead to a difference between
Vdiag and Voffd. In Figs. 2(c) and 2(d), we have plotted
V = (Vdiag + Voffd)/2, with the shaded area around the V
line indicating the difference between the diagonal and
off-diagonal terms.

Note again that, for dipole-dipole interacting systems,
the van der Waals terms are typically a small perturbation.
Here, however, the contribution of the strongest van der
Waals term is of the order of the dipole-dipole coupling
and enriches the phase diagram of our spin-1 model.

III. PHASE DIAGRAM OF THE SPIN-1 MODEL

We choose J xy as the energy scale. Thus, we are left
with two degrees of freedom and can plot the phase dia-
gram of Hamiltonian (2) over D and V. By plotting the
entanglement entropy S, as shown in Fig. 3, we can iden-
tify all occurring phase transitions (the solid lines are
visual guides and not exact phase transitions). To spec-
ify and characterize the different phases, we also examined
other properties, such as string order parameters and the
projective representation of the symmetries, which are dis-
cussed in detail in Appendix B. The phase diagram was
calculated using infinite DMRG within the TeNPy library
[44]. Before we focus on the Haldane phase, let us briefly
discuss the other phases in the phase diagram.

In the case of large positive values of D, we are in a
gapped phase with a unique ground state (large-D phase).

020332-4
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FIG. 3. Phase diagram of our model [see Eq. (2)], calculated
by using infinite DMRG within the TeNPy library [44] and a
bond dimension of χ = 400. The color indicates the entangle-
ment entropy S of the ground state and is meant as a qualitative
measure of the different phases, where local maxima indicate
phase transitions. The solid lines are visual guides and do not
represent the exact phase transitions. For trivial product states,
the entropy is zero, while for gapless phases, the entropy would
diverge for increasing bond dimensions. Inside the Haldane
phase one can see the entropy converging to a value of about
log 2 ≈ 0.69, corresponding to cutting one singlet bond of the
AKLT state.

For D→∞, the ground state is a simple product state of
all spins in the |0〉 state; thus, the phase is a topological
trivial phase. The ground state is disordered and invariant
under the D2 and time-reversal symmetries.

Next we consider the case of large negative values of
D→−∞. In this case, the |0〉 state has a large energy
penalty and effectively gets frozen out, such that the
Hamiltonian reduces to a two-level Hamiltonian

Heffective =
∑

i>j

V
r6

ij
(σ+i σ

−
j + σ−i σ+j )−

V
2r6

ij
σ z

i σ
z
j (5)

with σ± = |±〉〈∓| and σ z = |+〉〈+| − |−〉〈−|. This is the
well-known spin-1/2 XXZ model, but with finite range
interactions ∝ r−6

ij . For negative values of V, we are in
the gapless spin-1/2 ferromagnetic XY phase (XY1/2) [45],
where the low-energy excitations are given by the Gold-
stone modes. The ground state exhibits quasi-long-range
order, i.e., the off-diagonal order parameter 〈σ+i σ−j 〉 =
1
4 〈(S+i )2(S−j )2〉 decays algebraically with distance rij . In
the same limit of large negative D but for positive values of
V, we are in the gapped Ising ferromagnetic phase (FM). In
the whole phase the two degenerate ground states are sim-
ple product states of all spins in the |+〉 or |−〉 state. It is
a symmetry-broken phase and can easily be characterized
by the FM long-range order 〈Sz

i Sz
j 〉.

Now, we examine the spin-1 antiferromagnetic XY
phase (XY1), which, similarly to the XY1/2 phase, is

a gapless phase. The ground state also exhibits quasi-
long-range order, but now for both off-diagonal order
parameters 〈(−1)i−j S+i S−j 〉 and 〈(S+i )2(S−j )2〉, which decay
algebraically with distance rij . Because the phase tran-
sition from the XY1 phase to the Haldane phase is a
Berezinskii-Kosterlitz-Thouless (BKT) transition [42,46,
47], it is hard to determine the exact boundaries from
the correlation functions [48]. To get the precise BKT
boundaries, either one can use bond dimension scaling and
very large distances utilizing the infinite DMRG algorithm
[43,48], or one can do finite-size scaling, as described in
Refs. [42,49].

For large positive values of V, we are again in a gap-
less phase. The ground state breaks the Z2 symmetry (π
rotation around the x axis) of the Hamiltonian, which
can be seen in DMRG by adding a small effective mag-
netic field

∑
i Sz

i . Furthermore, the ground state exhibits
quasi-long-range order in the off-diagonal order parame-
ter 〈(−1)i−j S+i S−j 〉. Thus, we call this phase a Z2 broken
antiferromagnetic XY phase.

We now focus on the Haldane phase in the middle of
the phase diagram. It is a gapped phase with no long-range
order but finite string order parameters. The string order
parameter is defined as

Sαi,j = −〈ψ | Sαi
( j−1∏

k=i+1

(−1)S
α
k

)
Sαj |ψ〉 , (6)

and is a measure for the hidden antiferromagnetic order
in the Haldane phase. At the marked point, all three
string order parameters Sx,y,z

0,500 are larger than 0.4 (note
that, for the perfect AKLT state, Sx,y,z

1,∞ = 4/9). In addition
to the string order parameters, we characterized the Hal-
dane phase using the degenerate entanglement spectrum
[40] and the invariance of the infinite matrix product state
(MPS) under the D2 and time-reversal symmetries, which
exhibit nontrivial phase factors in their projective represen-
tations [41]. We also verified a significant overlap with the
perfect AKLT state. For more details on the phase diagram
and the properties of the Haldane phase, see Appendix B.

From now on, we focus on the point D = −J xy , V =
0.6J xy , which is marked in Fig. 3 with a black dot and lies
inside the Haldane phase.

IV. EXPERIMENTAL PROPOSAL

In this section, we propose a concrete example of exper-
imental parameters that result in the desired values for
D and V in a Rubidium setup. We discuss the Haldane
phase in more detail within this experimental setup, includ-
ing finite-size results, possible detection schemes, and a
potential ground-state preparation scheme.

Note that neither the choice of Rubidium nor the choice
of n ≈ 80 is crucial for our proposal. Very similar Förster
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resonances can also be found in other alkali atoms. In
particular, in Caesium the experimental parameters to
realize the Haldane phase are very similar to Rubidium.
Choosing n ≈ 80 is a trade-off between two experimen-
tal constraints: For smaller n, one needs a larger magnetic
field as well as smaller interatomic distances to keep the
ratio of the energies and interaction strengths the same. On
the other hand, for larger n, the interatomic distance has to
be larger, resulting in an overall smaller energy scale J xy .

In Sec. II, we discussed that the parameters D and V
can be tuned in a Rydberg system by the experimental
parameters. We propose to use the following states:

|+〉 = |87Rb; 81S1/2, mj = +1/2〉 , (7a)

|0〉 = |87Rb; 80P3/2, mj = +3/2〉 , (7b)

|−〉 = |87Rb; 80S1/2, mj = +1/2〉 . (7c)

The atoms are placed with an interatomic distance of
r = 11.6 µm and a magnetic field of strength B = 60.7 G,
which is aligned at an angle of θ = 35.1◦ with respect
to the interatomic axis. The electric field is kept at
0. Those parameters result in an anisotropy energy of
D/h = −4.47 MHz and nearest-neighbor (nn) interaction
strengths of J xy

nn /h = 4.47 MHz and Vnn/h = 2.68 MHz.
This corresponds to the point D = −J xy

nn , Vnn = 0.6J xy
nn ,

which we motivated in the last section. By also looking at
further neighbor values (see Appendix C for a full list of all
interaction strengths), we find that the interaction strengths
decay with 1/rαij , where α ≈ 3 for dipolar interactions and
α ≈ 6 for the van der Waals interactions, as predicted in
Sec. II.

Note two differences with respect to the simplified
model we introduced in Sec. II and discussed in Sec. III.
First, the couplings J+0

nn /h = 4.36 MHz and J−0
nn /h =

4.59 MHz are not exactly the same anymore. Second,
there are now other additional van der Waals terms; see
Appendix C for more details. Both these effects result in a
small symmetry breaking of the D2 and time-reversal sym-
metries, which however is only of the order of 0.03J xy

nn and
thus results in a small splitting of the four ground states of
the Haldane phase. However, as long as these symmetry
breaking terms are weak compared to the gap, the features
of the Haldane phase are still visible. In the following, we
always consider the full Hamiltonian including all terms
listed in Appendix C.

Let us now investigate an experimentally realizable
finite-size system with these parameters and discuss pos-
sibilities to measure the Haldane phase and its properties
in an experiment. All results in this section are calculated
via DMRG and tensor network time-evolution methods
within the TeNPy library [44,50]. We use a system size
of L = 10 atoms, which is already enough to clearly see
the separated edge states of the Haldane phase. However,
the results in this section also generalize to larger system

FIG. 4. The expectation value of the local magnetization at
each site for the four different ground states. For the Mtot = ±1
states, we can clearly see that the magnetization is localized at
the edges. For the two degenerate Mtot = 0 states, the edge states
hybridize due to the small system size. Nevertheless, for all four
ground states, the edge spin correlation is nonzero,

∣∣〈Sz
1Sz

10

〉∣∣ ≈
0.4, while it vanishes in the bulk,

∣∣〈Sz
1Sz

6

〉∣∣ ≈ 0. This reveals the
edge states for all four ground states.

sizes. As expected, we do find four ground states with
total magnetizations Mtot = −1, 0, 0,+1 and a gap above
the ground-state manifold to the excited states of about
600 kHz. The ground-state manifold is split by a small
amount of about ±70 kHz, which can be explained by the
symmetry-breaking terms in the Hamiltonian. Looking at
the site-resolved magnetization of the four different ground
states in Fig. 4, we see the fractional edge magnetization.
Note that, even for this small system size, the edge states
are already well separated from each other and, when sum-
ming over the magnetization of the three sites closest to the
edge, we get values of almost exactly ±0.5.

We now discuss a method to prepare these ground states
of the Haldane phase by adiabatically sweeping from a
product state to the desired ground state. Since the Hal-
dane phase is a symmetry-protected topological phase, this
can only be achieved by breaking the protecting sym-
metries (i.e., the D2 and time-reversal symmetries). An
intuitive approach using a homogenous effective magnetic
field as well as a Rabi frequency was already experimen-
tally demonstrated for the SSH chain [22]. However, as
we outline in Appendix D, this method does not work for
the AKLT state and our system. Here, we propose a differ-
ent adiabatic preparation scheme only using a staggered,
effective magnetic field, as described similarly in Ref. [51].

We start with the initial state in a product state
|+ − +−+− · · ·〉, which can be prepared by applying
spatially dependent light shifts on the Rydberg chain [52].
By adding a strong staggered, effective magnetic field
μ

∑L
i=1(−1)iSz

i to the Hamiltonian, we ensure that this
staggered state is initially the ground state of the sys-
tem. Now, continuously turning off this staggered, effective
magnetic field μ, we end up with the desired Hamiltonian.
As shown in Fig. 5(a), the ground-state manifold during
this sweep is always well separated from the excited states
by a gap of about 600 kHz. This allows us to adiabatically
sweep from the product state to the Haldane phase, while
never going through a gap closing. In Fig. 5(b), we plotted

020332-6



SPIN-1 HALDANE PHASE IN A CHAIN OF RYDBERG ATOMS PRX QUANTUM 6, 020332 (2025)

(a)

(b)

FIG. 5. Adiabatic preparation scheme on a symlog scale (i.e.,
linear from 0 to 1 and logarithmic for the rest) for a Rydberg
chain of L = 10 atoms. (a) The energy spectrum E − E0 of the
ten lowest eigenstates compared to the ground-state energy E0 is
shown for the sweep process. The sweep starts with a unique
ground state and ends up with the fourfold near-degenerate
ground-state manifold of the Haldane phase. The four colored
states correspond to the states ending in the ground-state mani-
fold of the final Hamiltonian. All other states are well separated
from the ground state during the entire sweep by a gap of at least
600 kHz. The inset shows the energy splitting of the ground-state
manifold at the end of the sweep. (b) The overlap |〈�GS|�〉|2 of
the instantaneous ground state during the sweep [orange line in
(a)] with (i) the initial product state |+ − +−+− · · ·〉, (ii) the
perfect AKLT state with edge degrees of freedom (↑,↓), and (iii)
the final ground state with Mtot = 0 of the Hamiltonian at μ = 0.

the overlap of the instantaneous ground state with the prod-
uct state |+ − +−+− · · ·〉, the AKLT state, and the final
ground state during the preparation sweep. As described
above, the initial ground state has a large overlap with the
product state, while the final state has a large overlap with
the AKLT state. Note that the ground state of the final
Hamiltonian is close to but not exactly the perfect AKLT
state. We numerically checked that, for a total sweep time
of 5 µs, which is much smaller than the Rydberg lifetime
of about 100–200 µs for n = 80, the fidelity of the pre-
pared state with the desired final ground state is larger than
0.98. Importantly, because the energy gap does not depend
on the system size, which we also confirmed numerically,
this preparation scheme also works for larger systems.

The Hamiltonian during the whole sweep conserves the
total magnetization Mtot. This allows us to also prepare the
ground states with Mtot = ±1 by using odd system sizes
and a product state |+ − · · · − +〉 or |− + · · · + −〉.

After preparing the ground state of the Haldane
phase, one can now measure the ground-state properties
of the Haldane phase. These include the site-resolved
magnetization shown in Fig. 4, where the edge states can

(a) (b)

FIG. 6. At time t = 0 we start with the ground state of our
Hamiltonian and apply a rotation around the x axis on the first
half of the chain (i.e., the five leftmost sites) for a time t. The
Rabi frequency is 
/h = 0.25 MHz, which results in a π rota-
tion after 2 µs. (a) The overlap of the time-evolved state with
the four different AKLT states, which are labeled according to
their edge degrees of freedom. (b) The magnetization of the full
system Mtot = 〈

∑10
i=1 Sz

i 〉 and of the three leftmost edge sites
Medge = 〈

∑3
i=1 Sz

i 〉.

be seen. Furthermore, one can also measure the string
order parameters, which were defined in Eq. (6). For this
finite-size system the string order parameters of the ground
state are Sz

3,8 = 0.29 and Sx
3,8 = 0.49, showing the strong

hidden antiferromagnetic order of the system.
While some features of the edge states can be seen in

the static expectation values of the ground-state magne-
tization, we also investigate the dynamics of these edge
states. This allows us to see the fractionalization of the
spin-1 chain to spin-1/2 degrees of freedom at the edges.
We start in the ground state with total magnetization Mtot =
−1. Then, we coherently drive the system between two
different ground states by applying a microwave pulse
with frequency ω = (E+ − E−)/2 only to the left half of
the chain. This drives both the transitions |+〉 ↔ |0〉 and
|−〉 ↔ |0〉. In spin language this corresponds to the Sx

operator, which generates rotations around the x axis. By
using a Rabi frequency 
, which is small compared to
the energy gap of the system, we ensure that the sys-
tem is driven adiabatically and always stays inside the
ground-state manifold.

We now look at the time-evolved state after some time
t. As shown in Fig. 6(a), the state oscillates between the
two AKLT states with the spin-1/2 degree of freedom on
the left edge pointing down or up. These oscillations cor-
respond to Rabi oscillations of the fractionalized spin-1/2
degree of freedom at the left edge. One can also observe
this in an experiment by measuring the expectation value
of the magnetization at the three leftmost sites. As shown
in Fig. 6(b), the edge magnetization in the z direction
oscillates between −0.5 and +0.5.

Additionally, in Fig. 6(b), the total magnetization is plot-
ted, showing oscillations between−1 and 0. This indicates
that after an effective π rotation (i.e., after 2 µs for a
microwave pulse with 
 = 0.25 MHz) of half the spin-1
chain, the total magnetization of the system changes from
−1 to 0. This is a clear signature of the fractionalization
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of the spin-1 chain into effective spin-1/2 edge states. In
contrast, applying a π rotation to a single spin-1 degree
of freedom would only change the magnetization by 0
or ±2 (since exp(iπSx) |0〉 = − |0〉 and exp(iπSx) |±〉 =
|∓〉). Importantly, when driving the system adiabatically
(i.e., with a Rabi frequency 
 small compared to the gap),
the state after the π rotation remains an eigenstate of the
total magnetization.

V. CONCLUSION AND OUTLOOK

In this work we proposed a new way of using Förster
resonances in Rydberg atoms to implement effective spin-1
systems with highly tunable interactions. The phase dia-
gram of this Hamiltonian exhibits a large and stable region
with the Haldane phase, which is characterized by a hidden
antiferromagnetic order and fractionalized edge states. The
aforementioned Haldane phase can be realized in Rydberg
systems with an experimental setup and magnetic field
strengths that are well within the possibilities of present-
day experiments. In addition, we discussed an adiabatic
available preparation scheme utilizing experimental tech-
niques to prepare the Haldane phase. Finally, we studied
a finite-size realization of such Rydberg chains and pro-
posed multiple ways of measuring the edge state features
of the Haldane phase, including the fractionalization of
these edge states. Therefore, we have laid out a com-
plete path for implementing, preparing, and measuring the
spin-1 Haldane phase in Rydberg platforms. Our detailed
proposal should pave the way for experiments to study the
spin-1 Haldane phase, and thus allows one to detect and
study the fractionalization of edge spin degrees of freedom.
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APPENDIX A: MAPPING OF RYDBERG
INTERACTIONS TO SPIN-1 OPERATORS

In Sec. II, we discussed the Rydberg energies and
interactions in our model, which are again summarized
here:

H D
i = D(|+〉〈+|+ |−〉〈−|),

H XY
ij = [J+0 |0+〉〈+0| + J−0 |−0〉〈0−|

+ J 00(|−+〉〈00| + |+−〉〈00|)]+ H.c.,

H V
ij = Voffd(|+−〉〈−+| + |−+〉〈+−|)
+ Vdiag(|+−〉〈+−| + |−+〉〈−+|).

Note that the anisotropy term H D
i is due to the Förster res-

onance offset of state |00〉 relative to state |+−〉 and, up
to a global energy shift, we could also write it in the more
intuitive form H D

i = −D |0〉〈0|.
Here, we map these Rydberg interactions to spin-1 inter-

actions and the spin-1 algebra. The spin-1 operators in the
eigenbasis of Sz, i.e., |+〉, |0〉, and |−〉, are given as

Sx = 1√
2

⎛

⎝
0 1 0
1 0 1
0 1 0

⎞

⎠ , Sy = 1√
2

⎛

⎝
0 −i 0
i 0 −i
0 i 0

⎞

⎠ ,

Sz =
⎛

⎝
1 0 0
0 0 0
0 0 −1

⎞

⎠ , and S±=Sx ± iSy .

One can easily see that the anisotropy term simply maps to
H D

i = D(Sz
i )

2.
As discussed in Sec. II, the dipole-dipole interactions

can be tuned to be approximately the same: J+0 = J−0 =
J 00 ≡ J xy . This simplifies the expression, since H XY

ij now
simply involves all total spin-conserving interactions,
which change the spin of each individual site by ±1. One
can quickly convince oneself that this corresponds to the
following spin-1 XY interactions:

H XY
ij =

J xy

2
(S+i S−j + S−i S+j ) = J xy(Sx

i Sx
j + Sy

i Sy
j ). (A1)

For the van der Waals term, we first look at the off-diagonal
elements |+−〉〈−+| + |−+〉〈+−|. These are total spin-
conserving interactions, which change the spin magneti-
zation of each individual site by ±2. We can therefore
describe this term by (S+i )

2(S−j )
2 + (S−i )2(S+j )2. The diag-

onal elements only act on states if neither of them is |0〉,
leading to Sz

i Sz
j , and they do not have the same magnetiza-

tion, which can be enforced by (Sz
i Sz

j − 1). Including the
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(a) (b)

(c) (d)

FIG. 7. The same phase diagram as discussed in Sec. III but
now showing (a),(b) the x and z string order parameters, (c) the
overlap of the ground state with the perfect AKLT state, (d) the
phase factor of the projective representation of the time-reversal
symmetry. All plots have a resolution of 100× 100 points.

correct prefactors we thus end up with

H V
ij =

Voffd

4
[(S+i )

2(S−j )
2 + (S−i )2(S+j )2]

+ Vdiag

2
Sz

i Sz
j (S

z
i Sz

j − 1). (A2)

APPENDIX B: MORE DETAILS ON THE PHASE
DIAGRAM

In this appendix we elaborate on the phase diagram
discussed in Sec. III; see also Ref. [35]. Specifically, we
discuss the properties of the Haldane phase that can be used
to numerically distinguish it from the other phases.

In Figs. 7(a) and 7(b), we plotted the string order param-
eters Sx

0,500 and Sz
0,500 for two spins separated by 500 sites.

The x string order parameter has a finite value in the whole
Haldane phase as well as a smaller but finite value in the
XY1 phase, which is due to the finite separation and finite
bond dimensions and the small decay of the x string order
parameter in the XY1 phase (for more details about this, see
Ref. [48]). The z string order parameter is perfectly 1 in the
ferromagnetic phase and, apart from that, only has finite
values inside the Haldane phase. However, it gets smaller
the closer we get to any phase transition.

Next, in Fig. 7(c), we plotted the largest eigenvalue of
the transfer matrix of the contraction of the perfect AKLT
unit cell and the unit cell of the infinite MPS ground state,
where the unit cells consisted of two single sites. This
effectively describes an overlap of the ground state with
the AKLT state per unit cell (for an infinite system). One
can see that this overlap peeks inside the Haldane phase
and reaches values close to 1, thus letting us conclude that
the ground state is indeed very close to the AKLT state.

Finally, in Fig. 7(d), we plotted the phase factor of the
projective representation of the time-reversal (TR) sym-
metry. This is defined to be 0 where the ground state is
not invariant under time reversal and otherwise reflects the
phase factor of the projective representation of the time-
reversal symmetry group on the infinite MPS if the state is
invariant (for more details on this, see Ref. [41]). We can
see that the large-D phase is a symmetric, but topologically
trivial phase (i.e., phase factor of +1) under time reversal.
On the other hand, the ground state in the Haldane phase
is also invariant under time reversal, but has a nontrivial
phase factor −1 and thus corresponds to the topological
counterpart of the symmetric large-D phase.

APPENDIX C: FULL EXPERIMENTAL RYDBERG
HAMILTONIAN

For the full experimental Hamiltonian, we consider pairs
of Rydberg atoms with distances ranging from nearest
neighbors (r = 11.6 µm) up to fifth-nearest neighbors (r =
58.0 µm). For each pair, we use the pairinteraction soft-
ware [39] to calculate an effective interaction Hamiltonian
for the nine pair states of interest (|++〉, |+0〉, . . . , |−−〉).
This is done by first considering the single Rydberg atoms
and taking into account all states close to the 80S, 80P,
and 81S manifolds (i.e., states within an energy window
of ±80 GHz, a principal quantum number 76 ≤ n ≤ 85,
and an azimuthal quantum number l ≤ 4). We then use
the eigenstates of the single-atom Hamiltonian (includ-
ing the magnetic field) to construct a pair Hamiltonian.
However, we restrict the basis of the pair Hamiltonian
to only pair states within an energy window of ±2 GHz
around the five different subspaces of pair magnetization
Mpair = ±2,±1, 0, since the effect of states further away
is negligible. This already results in up to about 5000 pair
states that we need to consider for each subspace. Finally,
we apply a direct rotation that maps the pair Hamiltonian to
the subspace of interest and thus obtain an effective interac-
tion Hamiltonian [54]. Combining the five subspaces to a
full Hamiltonian, we then obtain a 9× 9 interaction matrix
for each pair of structure

Hij

=

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

V++ij
V+0

ij J+0
ij

Vdiag
ij J 00

ij Voffd
ij

J+0
ij V+0

ij
J 00

ij V00
ij J 00

ij
V−0

ij J−0
ij

Voffd
ij J 00

ij Vdiag
ij

J−0
ij V−0

ij
V−−ij

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(C1)
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TABLE I. Interaction strengths for the Rydberg Hamiltonian
(C2) in h MHz.

|i− j | 1 2 3 4 5

J+0
ij /h 4.36 0.56 0.17 0.07 0.04

J−0
ij /h 4.59 0.59 0.17 0.07 0.04

J 00
ij /h 4.46 0.57 0.17 0.07 0.04

Vdiag
ij /h 2.99 0.05

Voffd
ij /h 2.38 0.04

V+0
ij /h 1.10 0.02

V−0
ij /h 1.10 0.02

V++ij /h 1.84 0.03
V−−ij /h 2.13 0.03

The interaction strengths for the parameters defined in
Sec. IV for each pair up to a distance of five sites are
listed in Table I. Note that values smaller than 0.01 MHz
are not listed (for V00, this is true even for nearest
neighbors).

The anisotropy energy D is simply given by half
the energy difference between the |+−〉 and |00〉 states
and for the parameters given in Sec. IV is D/h =
−4.47 MHz. The full many-body Hamiltonian can then be
written as

H =
∑

i<j

Hij + D
∑

i

(Sz
i )

2. (C2)

APPENDIX D: DETAILS ON THE PREPARATION
SCHEME

The SSH chain is in the same symmetry-protected topo-
logical phase as the AKLT model. Therefore, to adiabati-
cally connect the SSH chain to a trivial product state, one
has to break the protecting symmetries. In this appendix,
we review an adiabatic preparation scheme for the SSH
chain, which uses a homogenous microwave field to break
the protecting symmetries. This scheme was already suc-
cessfully realized in a system of Rydberg atoms [22]. Then,
we discuss how this scheme changes when considering an
antiferromagnetic SSH chain instead of the ferromagnetic
one (similar differences for the ferromagnetic and antifer-
romagnetic cases have also been discussed for preparing
two-dimensional XY magnets [52]). Finally, we then con-
nect the antiferromagnetic SSH chain to the AKLT model
and discuss the adapted preparation scheme in the con-
text of the AKLT model. By doing so, we motivate the
preparation scheme proposed in Sec. IV, which only uses
a staggered, effective magnetic field.

(a)

(b)

FIG. 8. Sketch of the SSH and AKLT models with their typical
interactions, where thick lines indicate strong couplings. (a) The
SSH model with strong intercell XY couplings and weak intra-
cell XY couplings, where each unit cell consists of two spin-1/2
particles. (b) The AKLT model, where each spin-1 particle can
be thought of as a pair of strongly ferromagnetic coupled virtual
spin-1/2 particles. In this picture the AKLT interactions corre-
spond to isotropic, antiferromagnetic couplings between those
virtual spin-1/2 particles of neighboring spin-1 particles.

The periodic SSH Hamiltonian is defined as

HSSH =
L∑

i=1

Jintra(σ
x
i,Aσ

x
i,B + σ y

i,Aσ
y
i,B + δσ z

i,Aσ
z
i,B)

+
L∑

i=1

Jinter(σ
x
i,Bσ

x
i+1,A + σ y

i,Bσ
y
i+1,A + δσ z

i,Bσ
z
i+1,A),

(D1)

where σαL+1,A = σα1,A, Jintra describes the coupling within
one unit cell between sites A and B, Jinter describes the
coupling of sites B and A between two neighboring unit
cells, and δ is an anisotropy parameter that is only used for
connecting the SSH Hamiltonian to the AKLT Hamilto-
nian. For the SSH chain, the intercell coupling is typically
stronger than the intracell coupling, i.e., |Jinter| > |Jintra|.
These interactions are also sketched in Fig. 8(a), where
thick lines indicate strong couplings.

First, we consider the ferromagnetic case Jinter < 0 with
|Jintra| � |Jinter| and δ = 0 (this is similar to the SSH
model used in Ref. [22]). This corresponds to strong fer-
romagnetic intercell couplings, for which the ground state
is described in the limit of Jintra → 0 by a product of
neighboring triplet states:

|ψSSH,ferro〉 ≈
L∏

i=1

1√
2
(|↑〉i,B |↓〉i+1,A + |↓〉i,B |↑〉i+1,A).

(D2)
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The crucial step to adiabatically prepare this state is to have
in addition to the SSH Hamiltonian a strong, homogenous
microwave field −
∑

i,a∈{A,B} σ
x
i,a, for which the ground

state is a simple product state |�homog〉 =
∏

i,a∈{A,B} |→〉i,a,
where |→〉 = (|↑〉 + |↓〉)/√2. Then, slowly turning the
microwave field off yields the desired SSH ground state.
Note that the product state |�homog〉 has a large over-
lap with the ferromagnetic SSH ground state |ψSSH,ferro〉,
which is an intuitive way to explain why during this
preparation scheme no gap closing occurs.

Second, we consider the antiferromagnetic case Jinter >

0, again with |Jintra| � |Jinter| and δ = 0. The ground state
for these strong antiferromagnetic intercell couplings in
the limit of Jintra → 0 is given by the product state of
neighboring singlet states:

|ψSSH,antiferro〉 ≈
L∏

i=1

1√
2
(|↑〉i,B |↓〉i+1,A − |↓〉i,B |↑〉i+1,A).

(D3)

Contrary to the ferromagnetic case, the overlap of this
antiferromagnetic SSH ground state with the product state
|�homog〉 is zero. And indeed, checking the energy spec-
trum of the Hamiltonian when turning off the homogenous
microwave field 
, we find a gap-closing point during the
sweep.

Note however that the antiferromagnetic SSH Hamilto-
nian can be obtained from the ferromagnetic SSH Hamil-
tonian by rotating all spins of the sublattice B by π

around the z axis. Thus, we can instead also switch the
sign of the microwave field for the sublattice B, result-
ing in a staggered microwave field. The initial state for
this staggered microwave field is then also a product
state |�staggered〉 =

∏
i |→〉i,A |←〉i,B, where |←〉 = (|↑〉 −

|↓〉)/√2. This state again has a large overlap with the anti-
ferromagnetic SSH ground state |ψSSH,antiferro〉 and allows
for a gapless preparation path.

Now, we relate the antiferromagnetic SSH spin-1/2
chain to the spin-1 AKLT model. Adding δ = 1 to the
antiferromagnetic SSH Hamiltonian and a strong ferro-
magnetic intracell coupling −Jintra � Jinter, we can con-
nect the SSH Hamiltonian to the AKLT Hamiltonian along
a gapped path (see the Appendix of Ref. [22] for more
details). The AKLT Hamiltonian is given by

HAKLT =
L∑

i=1

PS=2
i,i+1

∼
L∑

i=1

Jintra�σi,A�σi,B + Jinter�σi,B �σi+1,A, (D4)

where PS=2
i,i+1 is the projector of two neighboring spin-1

particles onto a spin-2 subspace. Here, the strong fer-
romagnetic intracell coupling Jintra < 0 of two spin-1/2

particles inside one unit cell projects each unit cell effec-
tively to a spin-1 particle, and the antiferromagnetic inter-
cell coupling Jinter > 0 enforces the typical singlet bonds
of the AKLT state between neighboring unit cells. This
is also shown in Fig. 8(b), where the strong couplings
(represented by thick lines) are now inside the unit cell.

With this in mind, we are no longer surprised that apply-
ing a homogenous microwave field to the AKLT model
does not yield a gapped preparation path, since, for the
antiferromagnetic SSH model, a homogenous microwave
field was also not sufficient. Inspired by the staggered
microwave field for the SSH chain, one can also apply
a staggered microwave field 


∑
i(−1)iSx

i to the AKLT
model, where the Sx

i are now spin-1 operators. This indeed
yields a gapped preparation path from a product state of
spin-1 eigenstates of the Sx

i operator to the AKLT state.
Finally, since the AKLT Hamiltonian is SO(3) invariant,
we can replace the staggered microwave field ±Sx by a
staggered, effective magnetic fieldμ

∑
i(−1)iSz

i . As shown
in Sec. IV, this staggered, effective magnetic field also pro-
vides a gapped preparation path to the ground state of the
Haldane phase for our Rydberg model.
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